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Heterogeneous expectations, housing bubbles
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University of Bamberg, Department of Economics,
Feldkirchenstrasse 21, 96045 Bamberg, Germany

Abstract

We integrate a plausible expectation formation and learning scheme of boundedly ra-
tional investors into a standard user cost housing market model, involving a rental and
a housing capital market. In particular, investors switch between heterogeneous ex-
pectation rules according to an evolutionary fitness measure, given by the rules’ past
profitability. We analytically show that our housing market model may produce endoge-
nous boom-bust dynamics. Furthermore, we demonstrate that policy makers may use
our model as a tool to explore how different tax policies may affect the housing market’s
steady state, its stability and out-of-equilibrium behavior.

Keywords: Housing markets, bubbles and crashes, heterogeneous expectations,
bounded rationality and learning, tax policy, steady state and stability analysis

JEL classification: D84, H24, R31

1. Introduction

Glaeser (2013), Shiller (2015) and Piazessi and Schneider (2016) stress the fact that
history is replete with dramatic housing market bubbles that had serious effects on the
real economy. Unfortunately, the reasons for such market turbulence are still not well
understood. Against this backdrop, the goal of our paper is twofold. First, we propose
a novel model to enhance our understanding of the complex boom-and-bust behavior
of housing markets. Second, we use our model to explore the extent to which policy

makers can influence such dynamics by adjusting housing market-related taxes.
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Our model reveals that endogenous housing market fluctuations may emerge through
the interaction of real and behavioral forces. The real forces acting inside our model
originate from a standard user cost housing market setup in the spirit of Poterba (1984,
1991), involving a rental and a housing capital market; these forces tie basic relations
between house prices, the housing stock and the rent level. The model’s behavioral forces
are due to the expectation formation behavior of housing market investors who display
a boundedly rational learning behavior, as put forward by Brock and Hommes (1997,
1998). Accordingly, investors choose between extrapolative and regressive expectation
rules to forecast the future evolution of housing markets, based on the rules’ relative past
profitability — an assumption that is also in line with empirical observations (Case and
Shiller 2003, Hommes 2011, Case et al. 2013, Bao and Hommes 2019). With a view to
the omnipresent wilderness-of-bounded-rationality critique, Glaeser (2013) and Hommes
(2013) argue that a simple and plausible rule-governed expectation formation scheme
describes reality better than a framework with fully rational expectations. Obviously,
we follow their line of reasoning in our paper.

Despite the behavioral nature of our model, it possesses a unique (fundamental)
steady state, given by the discounted value of future risk-adjusted rents or, in the jargon
of the housing market literature, by the relation between risk-adjusted rents and the
user cost of housing. Moreover, we analytically derive the conditions under which the
housing market’s steady state becomes unstable. As it turns out, the steady state’s
stability domain depends on the housing market’s real and behavioral side. For instance,
higher interest rates are beneficial for market stability, while the housing market loses its
stability and starts to display significant oscillatory fluctuations if investors rely heavily
on the extrapolative expectation rule. Policy makers may therefore seek to stabilize the
housing market by imposing housing market-related taxes. Using a mix of analytical
and numerical tools, our model allows policy makers to clarify how such taxes may affect
the housing market’s steady state, its stability and out-of-equilibrium behavior.

Our paper is organized as follows. After reviewing some related literature in Section
2, we present our model in Section 3. In Section 4, we study its steady state, stability
and out-of-equilibrium behavior, and explore how different tax regimes affect the main

properties of our model in Section 5. In Section 6, we conclude our paper.



2. Related literature

To embed our contribution into the literature, let us briefly discuss some related research
in which the effects of expectations and taxes on housing market dynamics were studied.
First of all, it is important to note that Poterba (1984) developed his user cost model
to explore the extent to which the U.S. housing market boom in the 1970s can be
explained by changes in housing market-related taxes. In particular, he demonstrates
that a decrease in property taxes led to a reduction of the user cost of housing, which,
in turn, was at least partially responsible for the substantial house price increase at
that time. Poterba (1984) assumes that housing market investors have perfect foresight,
implying that his model exhibits the saddle-path stability property. If the steady state
of his model is disturbed, there is a unique path (the so-called "stable arm") along which
the system will approach its new steady state. The adjustment path can be summarized
as follows. At the time of the shock, the house price overshoots its new steady state
since the housing stock is initially fixed. As the housing stock also begins to adjust
towards its new steady-state value, the house price monotonically converges towards its
new steady state.

While Poterba (1991) underscores the fact that changing tax policies were an impor-
tant contributory factor in the house price rise in the late 1970s, he also admits that
his user cost argument is less able to explain the consequent housing market decline.
To better understand the boom-bust behavior of housing markets, Poterba (1991) rec-
ommends to take into account the possibility of housing market investors extrapolating
past price changes. Weil (1991) and Shiller (1991) strongly agree with this view. For
instance, Weil (1991, p. 188) states that "economists are going to have to bite the bullet
and look at models that allow for not-fully rational expectations”, advocating, amongst
others, the modeling of extrapolative expectations. Moreover, Shiller (1991, p. 189)
questions both the efficiency of housing markets and investors’ forecasting ability, and
ultimately stresses that there "appears to be a purely speculative component of real es-
tate prices”. In the end, Poterba (1992) concludes that his user cost framework allows
a clear-cut analysis of how tax reforms affect the steady-state levels of house prices, the

rent level and the stock of housing, but that future work needs to study the dynamics



and adjustment processes of (inefficient) housing markets in more detailﬂ

Despite such prominent encouragements, an empirically motivated modeling of mar-
ket participants’ house price expectations within a dynamic context is only slowly taking
place in the economic profession. A rare and early exception is Wheaton (1999), who
demonstrates that Poterba’s (1984, 1991) user cost framework can produce more real-
istic oscillatory house price dynamics if housing market investors follow a simple rule-
of-thumb behavior to predict house prices. Furthermore, Dieci and Westerhoff (2012)
present a model of a speculative housing market in which housing market investors switch
between extrapolative and regressive expectations, subject to the market’s mispricing,
thereby generating complex house price fluctuations. In the same vein, Kouwenberg and
Zwinkels (2014), Eichholtz et al. (2015), Diks and Wang (2016), Bolt et al. (2019), Bao
and Hommes (2019) and ter Ellen et al. (2020) show that models with extrapolators
and mean-reversion believers may help us to explain the boom-bust behavior of housing
markets.

Another line of research is motivated by Shiller’s (2015) observation that mass psy-
chology and investor sentiment are elements that play an important role in the determi-
nation of house prices. Burnside et al. (2016) explain the irregular boom-bust behavior
of housing markets by a model in which housing market investors’ projection of the future
(fundamental) state of the housing market is either optimistic or pessimistic; they show
that irregular boom-bust house price dynamics may occur due to waves of optimism and
pessimism. Piazzesi and Schneider (2009) show that even a small fraction of optimistic
housing market investors may be enough to trigger a housing market bubble. Glaeser
and Nathanson (2017) propose a powerful framework in which housing market investors
are boundedly rational, overconfident and extrapolate past house price changes into the
future. Interestingly, their calibrated model matches key stylized facts of housing mar-
kets quite well, thereby underscoring the explanatory power of models that deviate from
the assumption of full rationality.

However, our work is related more closely to the papers by Dieci and Westerhoff

IFurther tax-related housing market papers with a similar spirit include Poterba and Sinai (2008) and
Himmelberg et al. (2005). Poterba’s (1984, 1991) model has been extended in many more directions.
See Glaeser and Nathanson (2015) for a recent appraisal.



(2016) and Schmitt and Westerhoff (2019). Dieci and Westerhoff (2016) present a
discrete-time generalization of Poterba’s (1984, 1991) user cost model in which hous-
ing market investors can choose between different expectation rules, subject to market
circumstances. Their goal is to explore how the housing market’s supply side, in con-
nection with speculative forces, may trigger and shape boom-bust dynamics. Schmitt
and Westerhoft (2019) assume that risk-neutral housing market investors switch between
extrapolative and regressive expectation rules with respect to the rules’ forecasting accu-
racy. They show that endogenous housing market dynamics, characterized by short-run
momentum, long-run mean reversion and excess volatility, may only arise if investors rely
heavily on extrapolative expectations. Note that this is one of the few contributions in
the field where market participants display a boundedly rational learning behavior — an
important model ingredient to counter the wilderness-of-bounded-rationality criticism,
as advocated in Glaeser (2013) and Hommes (2013).

In this paper, we follow Brock and Hommes (1997, 1998) by assuming that housing
market investors are risk averse and switch between competing expectation rules, subject
to the rules’ past proﬁtabilityﬂ Despite investors’ learning behavior, our model may
produce endogenous boom-bust housing market dynamics. In addition, we demonstrate
that our model may serve as a framework to explore the extent to which policy makers
may stabilize housing markets by adjusting the tax code. As we will see, policy makers
have the opportunity to affect the housing market via the housing market’s real and
behavioral side. As far as we are aware, such a modeling and policy perspective is new

in this line of research.

3. The basic model framework

Our model combines the housing market framework by Poterba (1984, 1991) with the
heuristic switching approach by Brock and Hommes (1997, 1998). In particular, the
housing market consists of two interrelated markets — a rental market and a housing

capital market — that fix basic relations between house prices, the housing stock and the

2The heuristic switching approach by Brock and Hommes (1997, 1998) has been used in numerous
models and applications. Powerful examples include Droste et al. (2002), de Grauwe and Grimaldi
(2006), Boswijk et al. (2007) and Anufriev and Hommes (2012). Dieci and He (2018) provide a detailed
review of this field, and also discuss its connection with the housing market literature.



rent level. Investors’ demand for housing stock depends on their house price expecta-
tions. Motivated by the aforementioned theoretical and empirical literature, we assume
that housing market investors select between an extrapolative and a regressive expecta-
tion rule to forecast future house prices, depending on the evolutionary fitness of these
rules, measured in terms of past realized profits. For ease of exposition, we first abstain
from considering housing market-related taxes. These will be introduced in Section 5.
Let us turn to the details of the model. Market clearing in the rental market takes
place in every period ¢, implying that the demand for housing services D, is equal to

the supply of housing services Sy, i.e.
Dt = St. (1)

Demand for housing services is assumed to be linearly decreasing at the current rent

level Ry, the price of housing services, and is formalized as
Dt =a-— bRta (2)

where a and b are positive parameters. The supply of housing services is proportional

to the current housing stock H;, and can be expressed by
St = CHtv (3)

where ¢ > 0. Combining (1), (2) and (3) reveals that the rent level R; depends negatively

on the existing housing stock, i.e.
Rt = — 6Ht, (4)

where o = 7 > 0 is a scaling parameter and 8 = 7 > 0 denotes the sensitivity of the
rent level with respect to the housing stockE| Of course, the model parameters have to
ensure that R; > 0.

Housing market investors can invest in a risk-free asset or in housing capital over the
time horizon from period ¢ to period ¢+ 1. The risk-free asset pays a fixed rate of return
r > 0, while housing generates (imputed) rents R;, which are fixed at the beginning of

the period. By defining P, as a hypothetical house price level at time ¢, the wealth of

3Proposition 1 reveals that parameter o affects the level of the model’s steady state, but not its
stability domain. For this reason, a may be regarded as a scaling parameter.



investor ¢ in period t 4 1 is given by
Wi =1 +rW/ 4+ Z{(Py1+ R — (L+7+6)P) = ¢, (5)

where W} and Z; represent the wealth and demand for housing stock of investor i
at time t. Note that parameter 0 < & < 1 denotes the housing depreciation rate,
and parameter ¢! > (0 captures possible costs associated with investors i’s investment
behavior. Moreover, variables indexed with ¢t 4+ 1 are random.

Housing market investors are assumed to be myopic mean-variance maximizers, im-

plying that their demand for housing stock follows from

i N
mazg, { BV - S VW) )

where Ej[W/, ] and V;/[W/, ] describe the belief of investor i about the conditional
expectation and conditional variance of his wealth in period ¢ + 1, while parameter A’

denotes the corresponding (absolute) risk aversion. Solving (6) for Z; then yields
Ez[Pt+1]+Rt—(1+’l"+(5)Pt (7)
AV P .

Accordingly, investor i’s optimal demand for housing stock depends positively on house

Zi =

price expectations and the rent level, and negatively on the interest rate, the depreciation
rate, the current house price and the perceived housing market risk.

In the following, we introduce a few simplifying assumptions. First, investors’ beliefs
about conditional variance of the price are constant for all ¢ and uniform across all
investors i, i.e. V{[Pi+1] = 02 > 0. Second, all investors have the same risk aversion,
ie. X' = XA > 0. Therefore, investors’ total housing demand can be expressed as

N N
7y = ; Zi = & (ﬁ Z:l E{ P+ R — (1 +7r+ 5)Pt>. Finally, by denoting investors’

Ao2

s

I
—

average house price expectations by F;[Piy1] = % > E{[Pi11] and normalizing the mass

K3
of investors to N = 1, we obtain

EPi1]+ Ry — (L +7r+0)P,
Ao? ’

As equilibrium of demand and supply in the housing capital market is given by

Zy =

(8)

Zt = th (9)

the market clearing price P; can be expressed as

Ei[Pq) + ]fit

P =
! 14+r+46

; (10)



where R, = R, — H\o2. Accordingly, the house price is equal to the discounted value of
investors’ next period’s average house price expectation plus risk-adjusted rent payments;
a standard no-arbitrage condition common in models with an asset-pricing nature.

The housing stock evolves as
Hy=1;+ (1 —0)H;1, (11)

where I; indicates the amount of new housing construction in period ¢. Note that we
assume that houses are built with a one-period production lag. Moreover, home builders
are risk neutral, and maximize expected profits, subject to a quadratic cost function,
i.e. maxy, {E;_1[P]I; — C}, where Cy = %IE Consequently, new housing construction
is given by

I = '}/Et—l[Pt]7 (12)

where v > 0 is an inverse cost parameter which implies that a lower value of v generates
higher building costs and a more sluggish housing supply. By assuming that home
builders form naive expectations, i.e. FE; 1[P;] = P;_1, the evolution of the housing

stock can be rewritten as
Ht = ’}/Pt,1 + (1 - (5)Ht,1. (13)

Let us now turn to the expectation formation behavior of housing market investors.
Inspired by Brock and Hommes (1997, 1998), investors select between competing ex-
pectation rules to forecast future house prices. In this paper, we concentrate on two
representative types of expectation rules: a free extrapolative expectation rule, denoted
by EF[P,y1], and a costly regressive expectation rule, i.e. EF[P,,;]. Investors’ average

house price expectations can thus be defined as
Bi[Pr1] = NEEf [Pea] + NFE[ [Py, (14)
where NF and N/ stand for the market shares of investors relying on extrapolative and

regressive expectations, respectively. Extrapolative expectations presume that house

prices move in trends; it can be expressed by
Ef[Piy1] = Py 4+ Xx(Pio1 — Pioa). (15)

Accordingly, extrapolators pay attention to the most recent price trend, where xy > 0

indicates how strongly investors extrapolate past house price trends into the future.



For x = 0, (15) implies naive expectations. In contrast, regressive expectations are
formalized as

Ef'[Piy1] = Py + ¢(F = Pi), (16)

where F' represents the housing market’s fundamental value and 0 < ¢ < 1 the expected
adjustment speed. Thus, investors who follow this rule believe that house prices will
return towards their fundamental value over time[f] Note that both expectation rules
forecast in period ¢ the house price for period ¢ + 1, conditional on the information set
available at period ¢ — 1.

In each time step, housing market investors have to determine which expectation rule
to follow. This decision depends on the rules’ fitness. We assume that the higher the
fitness of an expectation rule, the more investors will follow it. As in Brock and Hommes
(1997, 1998), and based on Manski and McFadden (1981), we update the market share of
investors using the extrapolative and the regressive expectation rule via the multinomial

discrete-choice model. Therefore, we obtain

exp[VAF] + exp[vAf]
and

exp[vAF] + exp[vAEF]’

where AF and AP denote the fitness of extrapolative and regressive expectations in
period t, respectively. Parameter v > 0 measures how sensitively investors choose the
most attractive expectation rule. For v = 0, investors do not observe any fitness differ-
entials between the two expectations rules, and both market shares will be equal to %
As the intensity of choice parameter v increases, more and more investors switch to the
expectation rule with the higher fitness. For v — +o00, fitness differentials are perfectly
observed, and all investors opt for the expectation rule yielding the highest fitness. Since
the weights of the two expectation rules add up to 1, the market share of extrapolative
(regressive) expectations can also be written as NF =1 - Nf (NF =1 - NF).

The fitness of the two expectation rules in period ¢ depends on realized past profits

4An implicit assumption we make is that investors make no prediction errors at the steady state.
As shown in the Appendix, F' therefore corresponds to the housing markets’ unique steady-state price,
reflecting the discounted value of future risk-adjusted rent payments.



and can be described by

A = (P i+ Rio— (1 +1r+0)P,_2)ZE, (19)

and
AR = (P 4+ R o—(1+7r+0)P_2)ZF, —c, (20)

where
EE[Pt 1]+Rt - (1+T+5)Pt

ZE _ + 21
t )\0_2 ( )

and
ZtRZ Eﬁ[Pt+1]+R;\—2(1+T+5)Pt (22)

o

represent investors’ demand for housing stock in period ¢ when forming extrapolative
and regressive expectations, respectively. Note that it may be costly to use the regressive
expectation rule since investors have to acquire some kind of knowledge about the econ-
omy. In particular, investors have to examine what the housing market’s fundamental
house price will be, and how quickly the housing market will return to this value. This
effort is captured by the information cost parameter ¢ > 0, and reduces the fitness of
regressive expectations. As pointed out by Hommes (2013), realized net profits are a
natural candidate for an evolutionary fitness measure since this is what investors seem

to care about most in real markets.

4. Implications of our basic model framework

We now explore our basic model framework. In Section 4.1, we first present our main
analytical results. In Section 4.2, we then continue with a numerical investigation of our

model.

4.1. Analytical insights

In the Appendix, we show that the dynamics of our model is driven by a six-dimensional

nonlinear map, and prove the following results.
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Proposition 1. The model’s unique steady state, implying, amongst others, that P =

F= (T+5)5+0(‘g+>\02)7 = E;’}‘_‘fﬁ, H = 1P and R = a — BH, loses its local asymptotic

stability if either

) A )N —R
(i) N'xb+ 37X < Nog+ 3

or

(i) N'gp+ 2B < 9 pry 542Ny

) —FE —R .
becomes violated, where N~ = and N = respectively. Moreover,

1 1
1+exp[—vc] 14-explvc|’

a violation of the first (second) inequality is associated with a Neimark-Sacker (Flip)

bifurcation.

Proposition 1 deserves comment. Let us start with the properties of the model’s
steady state. Note that P, H and R are independent of any behavioral parameters.

i P—F = BX’H _ R
Since P = F = 25 = e

it becomes clear that investors discount future risk-
adjusted rent payments to compute the housing market’s fundamental value. This is
also in line with Poterba (1984, 1991), who defines the term r + 0 as the user cost of
housing. Although he considers perfect foresight, our steady state is basically equivalent
to the one in his models because our housing market investors make no prediction errors
at the steady state. For this reason, we regard the model’s unique steady state as a
fundamental steady state.

Proposition 1 allows us to draw the following steady-state conclusions. An increase
in the interest rate decreases investors’ demand for housing stock and, consequently,
leads to a reduction of the house price; a lower housing stock; and a higher rent level.
Comparable effects are observed if housing market investors become more risk averse
and/or perceive a higher housing market risk. If it gets cheaper to build new houses, i.e.
if the inverse cost parameter v increases, house prices as well as the rent level decrease,
while the housing stock increases. A higher depreciation rate reduces the stock of housing
and, consequently, yields a higher rent level. However, house prices only decrease if
§ > /(B + Ao?)y. In this case, the effects of an increase in the interest rate and the

depreciation rate are qualitatively the same. With respect to the parameters describing

the rental market, we can conclude that an increase in the scaling parameter « increases
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the house price, the housing stock and the rent level, while an increase in the sensitivity
parameter 3 causes the opposite. For completeness, we mention that Z8 = 7" = H,
A =R - (r+0)P)Hand A" = (R — (r + 0)P)H — c. Since A~ — A" = ¢, the
steady-state fractions of investors relying on extrapolative and regressive expectations,

1 ~F _
1+exp[—vc] and N =

given by N© = #p[w], depend only on investors’ intensity of
choice and on the costs of forming regressive expectations.

Let us now turn to the steady state’s stability properties. Note that both stability
conditions depend on real and behavioral parameters. Since housing markets display
cyclical dynamics, a phenomenon associated with a Neimark-Sacker bifurcation, our
main focus is on Proposition 1’s first stability conditionﬂ First of all, if we assumed
naive versus regressive expectations, i.e. y = 0 and 0 < ¢ < 1, the Neimark-Sacker
condition would always be fulfilled. Cyclical housing market dynamics can thus only
arise within our model if investors extrapolate past price changes. However, it is also
obvious from stability condition (i) that cyclical housing market dynamics becomes less
likely if investors expect house prices to return towards their fundamental value more
quickly. Furthermore, the Neimark-Sacker condition is also violated when N X moves
towards 147+ 0 (see the denominator of the second term on the left-hand side). In this
respect, it might be insightful to explore two extreme scenarios. If either information
costs ¢ or the intensity of choice parameter v converge to infinity, then all investors form
extrapolative expectations. Hence, stability will be lost at the latest as x approaches
1+ r+3d. If cand/or v converge to zero, only half of investors form extrapolative
expectations, and stability will be lost at the latest as y approaches 2(1+7+6). In this
sense, we can conclude that an increase in ¢ or v may destabilize the model’s steady state.
Finally, increasing values of the real parameters (3, 7, A and o2 harm the stability of

housing markets, while an increase in r has a beneficial effect. Introducing the innocuous

assumption that r + J < 1 furthermore reveals that an increase in the depreciation rate

5A Neimark-Sacker bifurcation occurs if the modulus of a pair of complex, conjugate eigenvalues
crosses the unit circle, giving rise to periodic or quasi-periodic motion. The contributions by Wheaton
(1999), Kouwenberg and Zwinkels (2014), Dieci and Westerhoff (2016), Glaeser and Nathanson (2017)
and Bao and Hommes (2019) also focus on scenarios with complex, conjugate eigenvalues, seeking to
explain the oscillatory boom-bust behavior of real housing markets, as documented by Glaeser (2013),
Shiller (2015) and Piazzesi and Schneider (2016). In contrast, a Flip bifurcation requires that a real
eigenvalue passes through -1, causing the emergence of a period-two cycle.

12



also contributes to the stability of housing markets.

From an economic perspective, the violation of the Flip bifurcation boundary, caus-
ing a period-two cycle, is of secondary importance. Nevertheless, the second stability
condition of Proposition 1 reveals that an increase in parameter ¢, capturing investors’
expected mean reversion speed, may create a period-two cycle, provided that parame-
ters 3, v, A and o2 are sufficiently large. Such a bifurcation becomes more likely if the
market share of regressive expectations increases, which is the case if information costs
and/or investors’ intensity of choice decrease. Finally, we note that an increase in the
interest rate, the depreciation rate or investors’ extrapolation strength may reverse a

Flip bifurcation.

4.2. Numerical insights

Equipped with our analytical insights, we are now ready to explore the model’s out-
of-equilibrium behavior. Table 1 presents the base parameter setting for our numerical
investigations. Since the interest rate and the depreciation rate are given by five percent,
one time step in our simulations may roughly be regarded as one year. Accordingly, the
production lag in the housing market is also given by about one year, which seems to be
a reasonable choice for a model like ours. The remaining parameters are selected such
that our model is able to mimic - at least in a qualitative sense - the boom-bust behavior
of housing markets, as documented in Glaeser (2013), Shiller (2015) and Piazzesi and
Schneider (2016). However, we remark that the behavioral parameters of our model,
in particular those affecting investors’ expectation formation, are in line with empirical
and experimental observations (Case and Shiller 2003, Case et al. 2012, Anufriev and
Hommes 2012, Bao and Hommes 2019 and ter Ellen et al. 2020).

Note that the base parameter setting implies that P = F = 1, H = 20, R = 0.3
and NE ~ 0.731. Furthermore, the model’s steady state is unstable. For instance,
the extrapolation parameter, which is given by x = 1.1, is slightly above the Neimark-
Sacker threshold Y2 ~ 1.08 (while the Flip condition is not violated). And, in fact, the
dynamics depicted in Figure 1 displays endogenous boom-bust housing market dynamics.
To be precise, the panels show, from top to bottom, the evolution of house prices, the
market share of extrapolators, the housing stock and the rent level, respectively. The

simulation run comprises 30 observations; a longer transient period has been deleted.
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Table 1: Base parameter setting

a=23 scaling parameter rental market
5=0.1 sensitivity of rental market

“y=1 | sensitivity of home building | supply side of housing market
0 =0.05 depreciation rate
r=0.05 interest rate

“x=11 | extrapolative parameter | price expectations
¢ =0.6 regressive parameter
r=1 intensity of choice

“A=0.0025 |  riskaversion | risk perception
o? = variance beliefs

"¢c=1 | information cost | fitness

The functioning of the model may be explained as follows. Suppose that the house
price has just increased above its fundamental value. In such a situation, the extrap-
olative expectation rule has correctly predicted a further price increase, while regressive
expectations have falsely predicted a reversion towards the fundamental value. For this
reason, the extrapolative expectation rule is more profitable than the regressive one.
As extrapolative expectations now attract more followers, house prices increase further.
Eventually, however, the market loses momentum. This could happen for several reasons.
First, the market share of extrapolators cannot grow forever. Second, the remaining in-
vestors who rely on the regressive expectation rule bet increasingly aggressively on a
mean reversion of the housing market. Third, the housing stock has increased due to
the construction of new housing during the formation of the bubble. This depresses
the rent level and therefore dampens house prices, too. At the bubble’s turning point,
extrapolative expectations are wrong, while regressive expectations are right. But once
the direction of the housing market reverses, both expectation rules correctly anticipate
a downturn of the housing market. Moreover, new housing construction — due to house
prices that are still relatively high — lets the housing stock grow for a few more periods,
pushing the rent level down further. Together, these behavioral and real forces lead to
an overshooting in the housing market, i.e. house prices drop below their fundamental
value. Then, we once again have a situation in which extrapolative expectations pro-
duce more accurate predictions than the regressive expectation rule. However, investors’
learning behavior depends on past realized profits, which is why the market share of ex-

trapolators recovers with some delay. In between, the rent level increases again. Since
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Figure 1: Snapshot of the model dynamics for our base parameter setting. The panels show, from top
to bottom, the evolution of house prices, the market share of extrapolators, the housing stock and the
rent level, respectively. The dynamics is depicted for 30 time steps; a longer transient period has been
deleted.

a considerable fraction of investors still uses the regressive expectation rule, prices are
pushed upwards, and we see the emergence of the next housing market bubble.

In fact, it is the complex interplay between real and behavioral forces that keeps the
dynamics alive. While real forces, in particular the housing stock and rent adjustments,
tend to stabilize the housing market, behavioral forces have a double-edged effect. Ex-
trapolative expectations tend to push house prices away from fundamentals; regressive
expectations, in turn, exercise mean-reversion pressure. Note that the boom-bust cycle

depicted in Figure 1 repeats itself in a more or less regular manner. Figure 2 reveals,
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Figure 2: Snapshot of the model dynamics for an alternative parameter setting. The panels show, from
top to bottom, the evolution of house prices, the market share of extrapolators, the housing stock and
the rent level, respectively. The dynamics is depicted for 60 time steps; a longer transient period has
been deleted. Parameter setting as in Figure 1, except that x = 1.35, ¢ = 0.75 and v = 1.3.

however, that our model is also able to produce more irregular dynamics. The simu-
lation run — now for 60 time steps — rests on the base parameter setting, except that
x = 1.35, = 0.75 and v = 1.3. These parameter changes leave the model’s fundamen-
tal steady state unaffected, although N increases from 0.731 to 0.786. Of course, the
model’s instability is still due to a Neimark-Sacker bifurcation. As can be seen, stronger
house price cycles result in strong housing stock oscillations, and thus in more volatile
rent levels. Needless to say, irregular dynamics may also be observed in the presence

of exogenous noise (not depicted), although our model may generate them completely
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endogenously.

Figure 3: Effects of behavioral parameters on house price dynamics. The panels show, from top left
to bottom right, bifurcation diagrams for the extrapolative parameter x, the regressive parameter ¢,
information costs ¢ and the intensity of choice v. Parameters are as in our base parameter setting.

To demonstrate how the dynamics of our model depends on its parameters, we next
present a number of bifurcation diagrams in Figure 3. Here, we provide examples of
how our behavioral parameters x, ¢, ¢ and v may influence house price dynamics. The
panels depict, from top left to bottom right, bifurcation diagrams for 1.04 < x < 1.16,
052 < ¢ < 0.78, 0.8 < ¢ < 1.2 and 0.8 < v < 1.2, respectively. As already stated in
Proposition 1, these parameters do not affect the housing market’s fundamental steady-

state price, i.e. P = F = 1. In the top left panel, the fundamental steady state is
NS

initially stable and loses its stability as soon as x exceeds the critical value x..7, ~
1.08, for which endogenous quasi-periodic dynamics emerges. While the amplitude of

house price fluctuations becomes larger if extrapolators react more aggressively to past
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house price trends, the top right panel shows that a stronger belief in mean reversion

reduces their amplitude. In fact, a convergence to the steady state sets in when ¢

NS

surpasses ¢..7, ~ 0.674. Of course, these observations correspond to our analytical

results, which are supported further by the bottom two panels. The bifurcation diagram

NS

for parameter ¢ shows that the fundamental steady state becomes unstable at c_7, ~

0.953, after which the amplitude of house price dynamics increases with information
costs. The reason for this is that rising information costs increasingly reduce the fitness
of the stabilizing regressive expectation rule. Consequently, more and more investors
switch to extrapolative expectations, which has a destabilizing impact on housing market

dynamics. A very similar bifurcation route can be observed in the bottom right panel. As

NS
crit

can be seen, at v 2 & 0.953, the fixed-point dynamics turns into quasi-periodic motion.
The destabilizing impact of an increasing intensity of choice can be easily explained.
Recall that extrapolative expectations have a higher steady-state fitness than regressive
expectations. Since investors react more sensitively to fitness differences as v increases,
more and more of them will opt for extrapolative expectations, which destabilizes the
dynamics, and the amplitude of house price fluctuations increasesﬂ

In Figure 4, we show how house prices react to an increase in the model’s real
parameters. The six panels show bifurcation diagrams for 0.02 < r < 0.1, 0.045 <
0 < 0.065, 09 < v < 11,0 < A < 0.004, 0.09 < 8 < 0.11 and 2.15 < a < 2.45.
It can be seen from the top left panel that an increasing interest rate decreases the

amplitude of house price fluctuations. Moreover, the quasi-periodic dynamics converges

NS
crit

into a stable fixed point when r exceeds 7 ~ 0.06. However, the steady-state house
price P decreases with r. Similar observations are apparent in the top right panel,
where the amplitude of house price fluctuations becomes smaller when the depreciation
rate increases. At ngt ~ 0.058, the quasi-periodic dynamics segues into our stable
fundamental steady state which, in turn, increases with §. The destabilizing impact
of the inverse cost parameter «y, the risk aversion parameter A\ and the rental market’s
sensitivity parameter 3 are presented in the two middle panels and the bottom left

panel, respectively. Note that their bifurcation routes are very similar. For increasing

6Interestingly, similar effects of the behavioral parameters can be observed in the related asset-pricing
and cobweb model by Brock and Hommes (1997, 1998).
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Figure 4: Effects of real parameters on house price dynamics. The panels show, from top left to bottom
right, bifurcation diagrams for the interest rate r, the depreciation rate §, the inverse cost parameter
v, the risk aversion parameter A, the sensitivity parameter 8 and the scaling parameter «. Parameters
are as in our base parameter setting.

values of parameters v, A and 3, the stable steady-state house price decreases and

becomes unstable at bifurcation values N5 ~ 0.933, AN5 ~ 0.00066 and SN ~ 0.093,

crit crit crit

19



respectively. At these points, a Neimark-Sacker bifurcation occurs, and the amplitude
of house price fluctuations becomes larger as the parameters increase further. Finally, it
becomes apparent from the bottom right panel that the scaling parameter a has no effect
on the stability of housing market dynamics, as the amplitude of house price oscillations

basically remains constant as « increases.

5. The housing market model with taxes

In Sections 5.1 to 5.6, we explore the model’s steady state and stability properties as
well as out-of-equilibrium effects when various different tax policies are considered. In
doing so, we seek to demonstrate that our model provides a useful framework to address
the effects of housing market-related taxes. With respect to the steady state’s stability
domain, we focus on the Neimark-Sacker stability condition. Our main results are sum-
marized by Propositions 2 to 7 (their proofs are analogous to the one of Proposition 1,

see the Appendix) and illustrated in bifurcation diagrams.

5.1. Taz on the value of houses

Let us start our analysis with the case of a property tax, imposed periodically (annually)
on the value of houses. Note that such a tax affects investor i’s wealth equation, which

turns into
=+ Wi+ Z(Ppr + R — (L4740 +7)P) — ¢, (23)

where 7 stands for the tax rate. Straightforward computations reveal that investors’ total

E¢[Piy1]+Ri—(1+14647)P;
p)

demand then becomes Z; = v

P = Ey[Pii1]+R
U= TTersdr

expectation rule now read AP = (P,_1 + Ry—o — (1 + 7+ 6 +7)P,_2)ZF 5 and AF =

, implying that house prices follow

Moreover, the fitness functions of the extrapolative and regressive

(Po_1+Rio— (1+71+3+7)P_2)ZE , — c, respectively. All other equations remain as

before. Proposition 2 summarizes our main analytical results.

Proposition 2. At the model’s unique steady state, we have P = (T+6+T)5(j_5(ﬁ+)\02)7 =
— = - — . ~E _ 1 ~F _ 1
F, O = %P and R = o — BH, implying that N = TFeap[—vd and N = T+explvd”

+ Y(B+AH) N

Suppose that the steady state is locally asymptotically stable. IfNExé —=
1+r+6+7—N"x

—R o ) ) )
N ¢+ 25?%;” is violated, a Neimark-Sacker bifurcation occurs.
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A comparison of Propositions 1 and 2 shows that an increase in the property tax rate
7 has quite similar effects as an increase in the interest rate r. More precisely, higher
tax rates make the housing market less attractive for investors. Therefore, the demand
for housing stock decreases, which causes the fundamental house price P to fall. Con-
sequently, the fundamental housing stock H declines and the fundamental rent level
R increases. Importantly, higher tax rates may prevent a Neimark-Sacker bifurcation.
Note that this also becomes obvious from the bifurcation diagram depicted in the top
left panel of Figure 5. Here, we use our base parameter setting, except that 7 is varied
between 0 and 0.1, and show how the dynamics of the housing market depends on the
tax rate. As can be seen, higher property taxes rates initially decrease the amplitude of
house price fluctuations, and a convergence to the steady state sets in when 7 exceeds

NS

T2 2 0.010. We can therefore conclude that a property tax has a stabilizing effect on

crit
housing markets, although it also yields lower house prices and, consequently, a lower

housing stock and higher rent levels.

5.2. Tax on rental income

A tax on rental income changes investor i’s wealth equation to
Wiy = Q+r)W + Zj(Peyr + (1= 7)Re = (147 +0)P) = ¢, (24)

where 7 again denotes the tax rate imposed by policy makers. Accordingly, investors’

By [Pyi1]+(1—7) Ri—(147+5) P,
Ao2

P, = %‘W. The two fitness functions modify to AX = (P_1 + (1 — 7)Rs_o —

(1+7r+08)P2)ZFyand AR =(P,_1+ (1 —7)Ri—2— (1 + 7+ 8)P,_2)Z[t 5 — c. Since

total demand becomes Z; =

, and the house price is given by

the other equations do not change, we arrive at the following results.

Proposition 3. At the model’s unique steady state, we have P = (T+6)5+((1(;Z)To)‘55+>\02)7 =
— — — - . . —E —R
F,H=1P and R = a—(H, implying that N~ = m and N~ = W. Sup-
R 2\ 7T E
pose that the steady state is locally asymptotically stable. If NEX(5+7((11_+T)+B:)‘%£N X <
r+6—N"x

—R L ) ) )
N ¢+ 215::;" is violated, a Neimark-Sacker bifurcation occurs.

Proposition 3 reveals that a tax on rental income has a similar effect on the model’s
steady state as a property tax. With an increasing tax rate on rental income, investors

have fewer incentives to invest in the housing market. As a consequence, the demand
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Figure 5: Effects of taxes on the value of houses, rental income, owning housing stock and revenue of
housing constructors, respectively. Base parameter setting, except that 7 is varied as indicated on the
axis.

for housing stock is lower and the fundamental house price P declines. Therefore, the
fundamental housing stock H decreases and the fundamental rent level R increases. A
higher tax on rental income makes a Neimark-Sacker bifurcation also less likely. The
bifurcation diagram depicted in the top right panel of Figure 5 shows that increasing
values for 7 make the amplitude of house price fluctuations smaller up to the point where
the threshold value ng ~ 0.073 is reached. Then, quasi-periodic dynamics turns into

fixed-point dynamics.

22



5.3. Taz on owning housing stock
Policy makers may also consider imposing a tax on owning housing stock. Investor i’s
wealth equation can then be written as

Wi =0+rW+Z{(Pypr+ R —7—(14+r+6)P) -, (25)

E¢[Piy1]+Ri—7—(141r+6)P;
o2 )

where 7 is the tax rate. Investors’ total demand becomes Z; =

. . B[P R—
house prices are given by P, = %

(Pt_1+Rt_27Tf(1+T‘+5)Pt_2)ZtE_2 and AR = (Pt_1+Rt_27Tf(1+T+5)Pt_2)ZtR;27C.

, and the fitness functions turn into AF =

The following proposition summarizes the main effects of such a tax.

Proposition 4. At the model’s unique steady state, we have P = % =F

?

— — — — ) —E —R

H = 1P and R = o — BH, implying that N~ = m and N~ = ﬁg[m]
R 2\ NT

Suppose that the steady state is locally asymptotically stable. If NEX(F 4 2BHAON x

1+r+57NEX

—R o , : )
N ¢+ 21‘5:{ is violated, a Neimark-Sacker bifurcation occurs.

Proposition 4 shows that higher tax rates on owning housing stock also reduces the
fundamental house price P. As a result, the fundamental housing stock H decreases and
the fundamental rent level R increases. However, the Neimark-Sacker stability condition
reveals that it is independent of the tax rate 7. Moreover, the bifurcation diagram
depicted in the bottom left panel of Figure 5 indicates that house price oscillations
remain basically constant if the tax rate increases. Hence, a tax on owning housing

stock merely shifts the dynamics downwards.

5.4. Revenue tax for housing constructors
Alternatively, policy makers may decide to tax housing constructors. For instance, a

revenue tax for housing constructors turns their profit maximization problem into
maxlt{(l — T)Et_l[Pt]It — Ct}, (26)
where 7 denotes the tax rate. The optimal supply of new housing is then given by
I, = (1 — 7)yP;—1, and the housing stock evolves as Hy = (1 — 0)Hy—1 + (1 — 7)yPi_1.
Since all other equations remain unaffected by such a tax, we arrive at the following

results.

Proposition 5. At the model’s unique steady state, we have P = (T+5)5+(ﬁii02)(177)7 =

F, H = %F and R = o — BH, implying that N = m and Nt =
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#M Suppose that the steady state is locally asymptotically stable. If WEX(S —+

(=) (BH+Ao” )N x - N ¢+ = 25” is violated, a Neimark-Sacker bifurcation occurs.
14+r46— N X

As stated in Proposition 5, the effects of an increasing revenue tax for housing con-
structors are qualitatively similar to those of a decrease in the inverse cost parameter +,
i.e. to higher building costs. This can be explained as follows. Higher tax rates make
housing construction less profitable for constructors. Since fewer houses are built, the
fundamental housing stock H declines. Therefore, both the fundamental house price P
and the fundamental rent level R increase. A higher tax rate for housing constructors is
beneficial for market stability in the sense that it may counter a Neimark-Sacker bifur-
cation. In fact, it becomes clear from the bifurcation diagram presented in the bottom
right panel of Figure 5 that the amplitude of house price fluctuations becomes smaller
as the tax rate increases. Moreover, the steady state becomes stable if 7 exceeds the

critical value 7V ~ 0.067.

5.5. Taz on wealth of investors

How does a wealth tax affect the dynamics of housing markets? Suppose, for simplicity,

that investors’ wealth is always positive. Then investor ¢’s wealth equation is given by
= Q=) (A + )W) + Z{(Pey1 + Ry — (L+7+6)P,)) — ¢, (27)

where 7 represents the wealth tax rate. Note that investors’ total demand for housing

stock is now determined by Z; = B [Pt“]('fi%;)_)\(;j H_‘S)Pt, and house prices follow P, =

Ei[Pii1]+R+7A0? H,
1+r+3

AP = (1 =7)(Pior+ Riz = (147 +0)Pr2) Z 5 and Aff = (1 =7)(Pro1 + Rp—z — (1 +

. Furthermore, the expectation rules’ fitness functions take the form

7+ 8)Pi_2)ZE 5 — c. In Proposition 6, we capture the main effects of a wealth tax.

Proposition 6. At the model’s unique steady state, we have P = (7"—&-6)6—&-(6-(1!—(21 T =
F,H=1P and R = a— $H, implying that N = and N = 1 __ &y up-

1
1+exp[—vc] 1+exp vc]
2
pose that the steady state is locally asymptotically stable. IfN X0+ 'Y(’HL(_l +;)>‘; JN"x <
T X

N ¢+ 2{1*‘; is violated, a Neimark-Sacker bifurcation occurs.

Since higher wealth taxes reduce the housing market risk for investors, their demand
for housing stock increases. Consequently, the fundamental house price P and the

fundamental housing stock H increase, while the fundamental rent level R decreases.
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Proposition 6 also indicates that higher wealth taxes may stabilize the housing market.
As illustrated by the top left panel of Figure 6, a wealth tax of 725 ~ 0.734 is needed to
suppress endogenous house price fluctuations. Taking these values literally, the stability
effect of a wealth tax seems to be rather weak, and the fundamental house price P rises

strongly with 7. However, the strength of 7 depends on the risk parameters A and o2.
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Figure 6: Effects of wealth taxes and partial deductibility of information costs. Top left: Base parameter
setting, except that 7 is varied as indicated on the axis. Top right: The same, except that d = 0.25.
Bottom left: Base parameter setting, except that 7 = 0.25 and v as indicated on the axis. Bottom
right: Base parameter setting, except that 7 = 0.25, v = 1.1 and d as indicated on the axis.

5.6. Taz deductibility of information costs

Finally, we discuss the case in which the information costs associated with using the re-
gressive expectation rule are partially deductible from wealth taxes. The wealth equation

of investors opting for regressive expectations then reads

WE = (1 =) ((1+")Wi+ Z(Pir+ B — 147+ 6)P)) —c(1—7d),  (28)
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where 0 < d < 1 denotes the degree of deductibility of information costs. Compared
to the scenario discussed in the previous section, the fitness function of the regressive
expectation rule now becomes AF = (1—7)(P,_1+Ry_o— (1+7+0)Pi_2) ZE ,— (1—7d)c.
This leads to the following results.

Proposition 7. At the model’s unique steady state, we have P = (T+5)6+(53‘_‘51_T))\02)7 =

- = = - . . —E —R
F, H = 1P and R = o — BH, implying that N~ = m and N =

m. Suppose that the steady state is locally asymptotically stable. If NEX(S—I—
Y(B+A=TIN)N"x R L 254w
1+r+6—N X <N ¢ + 1-6

is violated, a Neimark-Sacker bifurcation occurs.

As reported in Proposition 7, a partial tax deductibility of information costs promotes
the use of the stabilizing regressive expectation rule. Note that this does not change
the steady-state values P, H and R, but does affect the steady state’s stability domain.
Since the market share of extrapolative expectations N decreases with d, a violation
of the Neimark-Sacker condition becomes less likely if a larger fraction of information
costs can be deducted from tax payments. In the top right panel of Figure 6, we repeat
the simulation from the top left panel, except that we set d = 0.25. As can be seen,
increasing wealth taxes again decrease the range of house price oscillations, but the
dynamics already converges towards the steady state if the tax rate exceeds Tg,g ~ 0.151.

The bottom left panel of Figure 6 shows a bifurcation diagram for the intensity of
choice with 7 = 0.25 and d = 0. As already discussed in Section 4, increasing values
of v destabilize the system. In this case, the steady state becomes unstable, and quasi-

periodic dynamics emerges as soon as v > vN> ~ 0.969. Now suppose we have a situation

crit
in which 7 = 0.25 and v = 1.1, and parameter d is increased, as it is illustrated in the
bottom right panel. Obviously, endogenous dynamics dies out at d = d¥2, ~ 0.478, and
the system settles down at its steady state. A remark is in order. The original contribu-
tion by Brock and Hommes (1997) studies a cobweb model in which firms switch between
a free destabilizing and a costly stabilizing expectation rule. As the firms’ intensity of
choice increases, more and more of them opt for the free destabilizing expectation rule,
and fixed-point dynamics turns into increasingly complex and volatile dynamics, a phe-
nomenon that has been called a "rational route to randomness". Schmitt and Westerhoff

(2015) show that a profit tax, reducing the fitness differentials between expectation rules,

may reverse this outcome. Interestingly, we observe a similar phenomenon within our
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model. Note that the steady-state fraction of the regressive expectation rule increases
with d and 7, provided that d,7 > 0. For d = 1, any destabilizing increase in v can
be countered by an increase in 7. If possible, policy makers should promote the use of
regressive expectations. Such a change in investors’ behavior improves market stability,

without affecting the housing market’s steady-state level.

6. Conclusions

Housing markets regularly display dramatic bubbles. According to Case and Shiller
(2003) and Case et al. (2013), such dynamics, which may be quite harmful for the real
economy, are due to investors’ optimistic house price expectations. However, Glaeser et
al. (2008) argue that the real side of housing markets is also relevant for the formation
and duration of bubbles. By combining Poterba’s (1984, 1991) user cost model and Brock
and Hommes’ (1997, 1998) heuristic switching approach, we develop a novel housing
market model that seeks to take these observations into account.

The real part of our model comprises a rental market and a housing capital market,
and determines key relations between the house price, the housing stock and the rent
level. The behavioral part of our model consists of housing market investors who switch
between competing expectation rules with respect to their past performance, thereby
reflecting a boundedly rational learning behavior. Amongst others, our model reveals
that endogenous boom-bust housing market dynamics may arise if investors rely heavily
on extrapolative expectations. Fortunately, policy makers have the opportunity to sta-
bilize such dynamics by adjusting the tax code. For instance, a property tax or a tax on
rental income tames the housing market. However, such a tax also affects the housing
market’s steady-state level, an aspect which should not be overlooked.

Without question, the dynamics of housing markets is driven by a complex interplay
between real and behavioral forces, and a complete understanding of the functioning of
housing markets is still lacking. However, we hope that our model makes some progress
in this direction. Moreover, we would like to stress that our model may serve as a
framework to explore how policy makers may affect the steady state, its stability and
the out-of-equilibrium behavior of housing markets via adjusting the tax code. Of course,

much more work is needed in this exciting and relevant research field.
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Appendix

Here, we provide a detailed proof of Proposition 1. Note that the derivation of Propo-
sitions 2-7 follows along quite similar lines of reasoning. First of all, we need to express
our model in form of a dynamical system. We therefore introduce the auxiliary variables
xy =Pi_1,yt = x4_1, 2t = y¢+—1 and k; = Hy;_1. Moreover, it is helpful to use the differ-
ence in fractions, given by m; = N — N = Tanh[4(Af — AF)]. Since Nf + NF =1,
it follows that N = 1= and Nff = £ The dynamical system of our model can

thus be summarized by the following six-dimensional nonlinear map

_ Ey[Pial+a—B(OyPi_1+(1-8)Hi_1)—Ao® (yPr_1+(1—6)Hy_1)

P = T+r+0

H =~vP,_1+(1-90)H—4

=P

T: ,

ke =H; 1

Yt = Tp—1

2t = Yt-1
where

1—-m 1+m
Ei[Piy1] = 5 t(Pt—l + X(Pio1 — x4-1)) + 5 t(Pt—1 + ¢(F — Pi_4))

and

my = Tanh B{(Pt_l—koz—ﬁkt_l — (1—|—T+5)1‘t_1) AF —yr—1) = x(Ye—1 — 2-1) —c}} .

Ao?

By imposing the fact that price expectations are realized at the steady state, i.e. F;[P] =

P, implying that P = F, the model’s dynamical system gives rise to the unique steady

ad
By+(r+8)+~yAo? and

H = PZ. Since prices mirror their fundamental value at the steady state, we call it

the fundamental steady state. Furthermore, by using R = o« — BH we can also express

R—\o’H
r4+0

steady-state prices as P = F =

To explore the steady state’s stability properties, we use the Jacobian matrix, com-
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puted at the fundamental steady state, i.e.

2-29(By0°)—dtx—(¢+0m  (F-D(B+A*)  _ x(A-m) 5
2(14+r+9) 1+r+6 2(14+r+9)
¥ 1-0 0 00 0
1 0 0 0 0 0
J(FSS) = ;
0 1 0 0 00
0 0 1 0 0 0
0 0 0 010

where @ = Tanh [f%c], and derive the characteristic polynomial

w3 (k3 — a1k% — agk — as) = 0,
_ —442r(6—1)+26%+2v(B+ A0 )+ p+me+(m—1) _ (=D (=2+o+me)+(T—1)(6—2)
where a; = 2’(Yl+7‘+5) X, az = 2(1+r19) X
and az = —%. The fixed point of our model is locally asymptotically stable

if and only if all six eigenvalues of the Jacobian matrix are less than one in absolute
value. Note that three eigenvalues, say ~123, are equal to zero, while the other three
eigenvalues, say K456, result from the remaining third-degree characteristic polynomial.
For this reason, we follow Lines et al. (2019), who provide a simplified set of conditions
to explore a steady state’s stability properties for such a problem. In fact, they show
that a fixed point of a third-degree characteristic polynomial loses its stability if (I)
l+a;+az+az >0, (1) 1 —a;+ay—az > 0or (II) 1 —ay+ajaz —aZ > 0 is violated
by a continuous change of a model parameter. Moreover, a violation of (I), (II) or (IIT),
while the other two conditions hold, is associated with a Fold, Flip and Neimark-Sacker

bifurcation, respectively. In our case, tedious computations reveal that this results in

1) ¢(1+m)s > —2(By + d(r + 8) +vAa?),

(I1) o(1 +m) <2<T+M+2+5+x—mx)
and
_ 2’7(6+)\02>(17W)X . 2(25+T)
(D =mhos 201+ +0)— (1—m)x Ltme+ =5

Recall that 0 < ¢ < 1,0 < 6 < 1 and B,7,7,Ad? > 0. Also, we have 0 < m < 1 which

N " . . . —R —E — -
implies that condition (I) is always satisfied. Finally, weuse m = N — NE, N” = 1_Tm
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and N = 1 and rewrite inequalities (II) and (III) as

2
(ID) NR¢+%<2+7~+6+2XNE
and 5
— AN — 2
(@) Noye 4+ 2B EA )7EX <N BET
1+r+5-N x 1-9¢

which correspond to (ii) and (i) in Proposition 1, respectively. For the derivation of
Propositions 2-7, it is helpful to note that the tax parameter 7 is always closely related
to a real or behavioral model parameter, as pointed out in Section 5. For instance, in

the case of a property tax, 7 always appears in connection with r.
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